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1 . Introduction 

In this report we study p-harmonic maps between model Riemannian manifolds. 
For n > 2, let (S n ~ l , dd 2 ) be the unit sphere in H n with the induced Riemannian 
metric dd 2 . Let / and g be functions in C 2 ([0, oo)) which satisfy the following 

(1.1) /(O)=0(O) = O, f(0) = </(0) = l and f(r),g{r)>0. 

Consider the following model Riemannian manifolds [5] 

M(f) = ([0, oo) x S 11 - 1 , dr 2 + f 2 (r)d$ 2 ) , 
N(g) = ([0, oo) x S™" 1 , dr 2 + g 2 {r)d$ 2 ) , 

where f,g G C 2 ([0, oo)) satisfy the conditions in (1.3). The Euclidean space and 
the hyperbolic space are corresponding to /(r) = r and g(r) = sinhr, respectively. 
A map F : M n (f) — > M n (g) is called a rotationally symmetric map if 

F(r, 0) = (or(r) , 0) for all r > and ■& G S^ 1 , 
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where a : [0, oo) — > [0, oo) with a(0) = 0. The energy density [4] of a rotationally 
symmmetric map F : M n (f) — > M n (g) is given by 

(1-2) e{r) = {a'{r)f + {n-l) 9 ^^. 

Given p > 0, the p-energy functional [13, 14] for C 2 rotationally symmetric maps 
is given by 

p 

(1.3) jT |a' 2 (r) + (n - 1)^^} * /""^dr . 

It can be shown that equation the Euler-Lagrange equation of the p-energy func- 
tional is 

(1.4) et-HrW'Or) + \(n - l)6*-\r)Qfl + (6'- 1 )' (r)W (r) 

-(n-l)gg- 1 (r) gfe^j^ = 0. 

Critical points of the p-energy functional (1.4) are known as rotationally symmet- 
ric p-harmonic map from M(f) to N(g). We remark that the notion of p-energy, 
which generalizes the usual energy as in harmonic maps [4], was first introduced 
by K. Uhlenbeck [13]. The existence question has been studied later by various 
authors, using the direct method of Calculus of Variations. In [14], White studied 
maps minimizing the p-energy in certain homotopy classes. Xu and Yang [15] con- 
sidered the existence of p-harmonic maps between spheres, generalizing the works 
of previous authors on harmonic maps between spheres. It is worth mentioning 
that the direct method yields normally only finite energy maps. For noncompact 
manifolds, Nakauchi and Takakuwa [10] study concentration compactness and gap 
theorems for p-harmonic maps. 

For p — 2, equation (1.4) becomes 

(1.5) «» + (n - l)£gtf(r) - („ - i) ^W)) = . 

Equation (1.5) corresponds to rotationally symmetric harmonic maps, which have 
been studied by Ratto and Rigoli [11] and Cheung and Law [1]. In this note 
we discuss the existence and properties of positive solutions a G C 2 ((0, oo) to 
equation (1.4) with 

lim air) = . 

The results in this note are contained in the works of Cheung-Law-Leung [2] and 
also in [8, 9]. 
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We first show that any positive solution must be increasing. Equation 
(1.4) is a quasilinear second order differential equation, where the nonlinear term 
Q-p/2-i^ ma k; es the equation complicated. We introduce a first order equation 
on 9(r) and a(r) [equation (2.3)]. From this we study unique continuation of 
nonnegative solutions to equation (1.4). For p > 2, we show that if a(r) G C 2 (0, e) 
is a nonnegative solution to (1.4) with lim r ^ + a(r) = 0, and a(r) goes to zero at 
arbitrary high order, then a = on (0, e) (lemma 2.6). This unique continuation 
property is well-known for harmonic maps [7] but is unknown to us for p-harmonic 
maps in general with p ^ 2 (c.f. [6]). By refining the argument, we can estimate 
the order that a can approach zero. We obtain a Liouville's type theorem for 
certain rotationally symmetric p-harmonic maps into the Euclidean space or the 
hyperbolic space (theorem 2.17 & 2.23). 

The differential equation (1.4) is solved locally near zero by solving an 
initial value problem for small r (theorem 3.1). This is achieved by rewriting 
the differential equation (1.4) as a system of two integral equations and solving 
it by comparing it to the Euler equation. This local solution is shown to be 
extendible to the entire positive real axis under certain conditions on / and g. 
We study asymptotic properties of rotationally symmetric p-harmonic maps from 
the hyperbolic space to itself, that is, f(r) = g(r) = sinhr. The identity map 
Id : M n (f) — > M n (f) corresponding to a(r) = r is a rotationally symmetric p- 
harmonic map. We investigate asymptotic properties of a rotationally symmetric 
p-harmonic map by seeing whether there is a point "above" or "below" the identity 
map. More precisely, for p > 2, we show that if F : M n (sinhr) — > M n (sinhr) is 
a rotationally symmetric p-harmonic map from the hyperbolic space to itself and 
if there is a point r Q > (ln3)/2 such that a(r ) < r Q and a\r ) < 1, then a is a 
bounded function. On the other hand if a(r ) > r Q and a'(r ) > 1, then for all 
positive number C, a(r) > r + C for all r large. If there is a positive constant C 
such that r — C < a(r) < r + C for all r large, then a is asymptotic to the line 
y = x (theorem 4.18). 

We consider the asymptotic properties of positive solutions to (1.4) when 
M(f) is similar to the hyperbolic space and N(g) is similar to the Euclidean space, 
we show that a(r) either goes to infinity exponentially or it is bounded (theorem 
5.12). If g grows at most exponentially, then we show that either a grows at least 
linearly or a is bounded (theorem 5.19). We show that, under certain conditions 
on / and g, all rotationally symmetric p-harmonic maps with p > 2 are bounded 
(corollary 3.24). 
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2. Unique continuation and Liouville's type theorem 



We begin this section with local considerations of equation (1.1). 

Lemma 2.1. [2] Let y(r) G C 2 (0,R) be a positive solution to (1.1) with 
lim r _> + y(r) = 0, where R is a positive number. Then y'(r) > for all r G (0, R). 

Proof. Since y(r) > for all r > and lim r ^ + y(r) = 0, we can find a point 
r D such that y'(r ) > 0. Suppose that there exists a point r\ > r Q such that 
y'(ri) < 0, then there exists a point r' G (r , ri] such that y(r') > 0, y'(r') = 
and y"(r') < 0. At r', equation (1.1) gives 



6i-\r')y"(r') = (n - 1)9* 



and 

8(r) = (n-l) 9 -^^ + (yV)) 2 >0. 

Thus y"(r') > 0, contradiction. Therefore y'(r) > f° r an r i r o , R)- The proof 
is completed by noticing that we can let r G — > 0. Q.E.D. 

For p > 0, let 

(2.2) 9(r) = 02-!( r ) , r >o. 
Then 

&(r)6 = (f - l)6(r)[(n - 1)(^^)' + 2a'(r)a»] . 
Using equation (1.1) to replace the term Q(r)a"(r) we have 

(2.3) e'(r)[(p-l)(a'(r)) 2 + (n-iy- 



, .g 2 (a(r)) ] 



f 2 (r) J 

= (p - 2)(„ - l)8(r) { 2 ^^^^ - + KW) 2 ]} • 

Equation (2.3) involves only first derivatives of 6 and a. For some e > 0, assume 
that a nonnegative C 2 -solution a of (1.4) exists on (0, e) with lim r ^ + ot(r) = 0. 
Given k > 0, we can find positive constants a , b Q and c G depending on k such that 



|/'(r)|<a , f(r)> Co r and |#'(y(r))| < fc for all r G (0, 



ft 



ft + 1 

Then (2.3) gives 

(2-4) &(r)[(p - l){a\r)f + (n - 1)^^] 

^ / ov iw N( a o + &o)r^ 2 (tt(r)) , 2 
< (p-2)(n- l)e(r)— — — [ + (a (r)) ] 



-e . 
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Therefore there is a positive constant C = C(a Q , b Q , c Q ,p, n, k) such that for p > 2 
we have 

(2.5) 9'(r) < ^e(r) on (0, -^-e) . 

We have the following unique continuation property for solutions of (1.1). 

Lemma 2.6. [9] For p > 2, let a(r) G C 2 (0, e) &e a nonnegative solution to 
(1.1) with lim r _ >0 + a(r) = 0. If a(r) = 0(r k ) near /or all k > 0, then a = on 

(0,6) 

Proof. Assume that a ^ on (0, e/2). We first show that a cannot be zero 
on (0,5) for any 5 G (0, e/2). Suppose that a = on (0,5) for some 5 G (0, e/2). 
Since a ^ on (0, e/2), we may assume that a(r) > on (5, e/2). Integrating 
(2.5) we have 

ln6(r)|£ < Clnr]^, 
where 5 < 6 < a < e/2. That is 

(2.7) 0(a)<0(6)(^. 

Let 6 — > <5 > 0, we have 0(6) — > 0, but 0(a) > 0, contradicting (2.7). Thus a 
cannot be zero on (0, 5) for any 5 G (0, e/2). Thus we can find a point r Q G (0, e/2) 
such that a(r Q ) > and a'(r Q ) > 0. Suppose that there exists a point r\ G (0, e/2) 
ri > r Q such that a(ri) = 0, then there exists a point r' G (r ,ri) such that 
a(r') > 0, a!(r') = and a"(r) < 0. At r', equation (1.4) gives 



0*\r')a"{r') = (n - 1)9* 1 (r')- 



f 2 (r) 
and 

e(r') = (n-l) 9 -^^l + (a'(r')r>0. 
J (r ) 

Therefore we have a"(r') > 0, contradiction. Therefore a(r) > for all r G 
(r G , e/2). As lim r ^ + a ( r ) — and a ^ on (0, 5) for all 5 > 0, we can let r Q — > 0. 
Thus a(r) > on (0, e/2). Similarly we can show that a'(r) > on (0, e/2). 
Integrating (2.5) we obtain 

0(a)<0(r)(-) c , 
r 

where in this case e/2 > a > r > and a is a constant. We have 
(2.8) 0(r) > C'r c 
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for some positive constant C That is, 

(2.9) 6{r) = {n- l /^^ + (a'(r)) 2 > C"r& , 
where C" is a positive constant. Take a number k such that 

p — 2 

Since a(r) < C^r k for r small, where is a positive constant, and f(r),g(r) ~ r 
when r is small, we have 

(n-l)^< C <V", 
where C" is a positive constant. Hence by (2.8) we have 

2C* 

(2.10) (a'(0) 2 > Cor^ 5 
for some positive constant C Q . Therefore we have 

PT fT 2C 2C 2C f 

(r)-a(b)= a'{s)ds>C" s~ ds = C (r-— +1 -fc— +1 ) , ->r>6>0. 

Jb Jb 2 



a 



As lim b ^ + a (b) = 0, we have 
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(2.11) a(r) > C ir — +i , 

contradicting that a(r) ~ 0(r k ) for all k > 0. Therefore we have a(r) = on 
(0, e/2). Similar argument shows that a(r) = on 0, (^-e) for all k > 0. Let 
k — > cx), we have a(r) = on (0, e). Q.E.D. 

Let a G C 2 ((0, e)) be a nonnegative solution to (1.1) with lim r ^ + oc(r) = 0. 
If we assume that a ^ 0, then the proof of lemma 2.6 shows that a(r) > 0, hence 
a'(r) > on (0, e) [2]. Given any 5 > 0, as lim r „ >0 + cx(r) = 0, we can find e Q < e 
such that 

< a(r) < 5 on (0, e ) . 

As f,g G C 2 (0, oo) with /'(0) = (?'(0) = 1, given e 1 G (0, 1), we can assume that 
5 and e Q are small enough such that 

< f'{r) < 1+ei , /(r) > (l-ei)r and |^'(y(r))| < l+ £l for all r G (0, e Q ) . 
If we assume that p > 2 and n > 2, then (2.2) gives 

(2.12) Q '(r)<( P -2)(n-l)(i±£i)e(r) on (0, e ) . 

1 - £i 
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That is, C = (p - 2)(n - 1)(1 + £i)/(l - e x ) in (2.4). It follows as in the proof of 
lemma 2.5 and inequality (2.9) that 

(2.13) a(r) > C x r^ x = C.r 2 ^^ 1 . 

As E\ can be made arbitrarily small, therefore we have the following refinement 
of lemma 2.6. 

Theorem 2.14 [9] For p > 2 and n > 2, let a(r) G C 2 (0,e) &e a nonnegative 
solution to (1.1) with lim r ._ > o+ oc{r) = 0. If there exist constants k > In — 1, C > 
and e c G (0, e) suc/i that , a(r) < C'r k for all r G (0, e Q ), then a = on (0, e) 

Lemma 2.15. [2] For p > 2 and n > 2, let a(r) G C 2 (0,R) be a positive 
solution to (1.1) with lim r _ >0 + a i r ) — 0, where R is a positive number. Suppose 
that f and g satisfy the conditions in (1.3) and \f'{r)\ — a an< ^ W{ a { r ))\ — b f or 
all r G (0, R), where a,b > are constants, then the relative energy density 0(r) 
satisfies the following differential inequality on (0,R): 

(n-l)(p-2)(q + 6) 1 (^/(r) (n - l)(p - 2)(a + 6) 1 
l ' J (P-1) /W ~ ~ min{p- l,n-l} /(r) ' 

Proof. By (2.3) we have 

(m ' V )'{r)[{p - L)(o/(r)) 2 + ( n - i)f (a(r) 1 



/2(r) 



= ( P - 2 )( n - s^r //ui(r)) ;{;;:; r)W, ' (rj - + • 

As a' > 0, we have 

, 9 i 2g(q(r)Ma(r))a'(r) _ f'(r) l 9 2 (a(r)) 2 

1 ' P{r) f(r) [ P{r) + 1 { )) 1 

1 , ,xrfi ,2 ( Q; ( r )) / // \\2l 

- W) {a+b)[ f4v +i {r)) l 

Therefore we have 

v )'(r)<C , 

for r G (0, where C = (p — 2){n — l)(a + 6)/ min-jjo — 1 , n — 1} is a positive 
constant. On the other hand, by (2.4) we have 

( W -l)(p-2)(a + 6) 

" 7(0 ' • 
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Thus 



(m -w > 2(7i-l)(g-l)(a + 6) x 



Q.E.D. 

For p > 2 and n > 2, let F = (<f),a(r)) be a rotationally symmetric p- 
harmonic map from a model space M n (f) to N n (g), with a(r) > defined on 
(0, oo) and lim r ^ + «( r ) = 0, where / and g satisfy the condition in (1.3). We 
have the following Liouville's type theorem for p-harmonic maps. 

Theorem 2.17. [2] Assume that \f'(r)\ < c 2 , g'(r) > and g' 2 (r) — g(r)g"(r) > 
c 2 for all r > 0, where c D and c are positive numbers. If a is bounded, then a = 0. 

Remark. In the Euclidean and hyperbolic case, we have g(r) = r and g(r) = 
sinhr, respectively. In both cases, we have g' 2 (r) — g{r)g"{r) = 1 and hence the 
condition in the above theorem is satisfied. The condition on / is satisfied for the 
type of functions f(r) = r a + sinr for r 3> 1 and a G (0, 1] (c.f. [10] for Liouville's 
type theorems for harmonic maps). 

Proof. Assume that a is bounded and a ^ 0, then lemma the proof of lemma 2.6 
shows that a(r) > 0, ct'(r) > and hence 9(r) > for all r > 0. The p-harmonic 
map equation is given by 



+ O^a" + {n - lY-e^a' - (n - l)^—g( a )g'(a) = . 
/ / 



Since y is bounded, we may assume that \g'(a(r))\ < a for some constant a > 0. 
As in (2.16) we have 

(^)'(r) < C'-J^l 

for r > 0, where C = [p — 2)(n — l)(a + c 2 )/ max{p — 1, n — 1} + 1 is a positive 
constant. We have 

C^a' + 9 q - l a" + (n - l)^^" 1 "' - (n - l)^-g(a)g'(a) > . 
J f t 

Since 9^0 except at the origin, this simplifies to 

(2-18) f + ^(C + /') Q/ - (n - 1)1 > , 

g{a)g'(a) f g{a)g'{a) f 2 

for all r > 1. For r > 1, let H — a'/ [g(a)g'(a)]. We have 

H' + H 2 [g' 2 (a)+g(a)g"(a)}. 



a" 



g(a)g'(a) 
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Since a is a bounded positive solution, we can find a positive constant C Q > 1 
such that C 2 > g' 2 {a) + g(a)g"(a) for all r>\. Thus (2.18) gives 



(2.19) C 2 H 2 + H' + ?j±(C + f)H- £LjH > o. 

Consider the quadratic form 



CtH 2 + ^j±(C + f)H- { -^±. 

It is nonpositive for H(r) G [0, &c(r)] where bcij-) is given by 

n — 1 AC 2 
(2-20) b c (r) = ^{[(C + f f + ^] 1/2 - (C + /')} > . 

Hence 

(2.21) if'(r) > whenever H(r) < b c (r) . 

Consider the function q(x) = \J x 2 + b 2 — x > 0, where b is a positive number. If 
x < 0, then g(x) > 6. For a; > 0, we have q'(x) < 0. Thus > cf if |x| is 
bounded, where c\ is a positive number. As < c 2 Q) we have |C + f'\ < C + c 2 
and /(r) < C\r for some positive constant C\ > 0, we can find a positive number 
C 2 such that 



MO > ^ 
r 



Thus 



On the other hand we have 



b c (r)dr 



oo . 



.(In 44)' = H[g' 2 {a) - g{a)g"{y)} > c 2 H 



9{a) 
for r > 1. Thus 

-In ; ; A f = - / (In > c / H(r)dr. 

g{a(r)) Ji g(a) Ji 

As </(r) > for all r > and y is bounded and positive for r > 1, we have 

/oo 
H(r)dr < oo . 

Since H > and bc(r)dr = oo , for some sufficiently large r we have i?(r) < 
b c (r) and if'(r) < (c.f. [6]), contradicting (2.21). Q.E.D. 



9 



It follows from (2.3) that if f'(r) > 0, then we have 

e< W [(p-i)(a V) )M„-i)^] < ( P -2)(„-i)e(r) 2 J>^M^M(rl. 

In addition, if p > 2 and and g'(r) < ag(r) for all r > 0, where a is a positive 
constant, then there exists a constant C Q such that 

(2.22) e'(r) < C 6(r)a'(r) . 

We use this to proof the following Liouville's type theorem. 

Theorem 2.23 [9] Assume that there exists positive constants c Q and c\ such 
thatO < f'(r) < c 2 Q and f(r) < a for all r > r Q . For p > 2, letF(r,&) = (a(r) 
is a rotationally symmetric p-harmonic maps from M(f) to the Euclidean space 
or the hyperboic space. If there exists a positive constant C such that a'(r) < C 
for all r > 0, then a = 0. 

Remarks. In fact we prove a more general statement. The conditions below 
on g are satisfied for the Euclidean and hyperbolic metrics, where g(r) = r and 
g(r) = sinhr, respectively. Conic type metrics, where f(r) = k for all r large, 
satisfy the condtions on / in the above theorem. 

Proof. If a ^ 0, if follows from the proof of lemma 2.6 (c.f. [2]) that a > and 
hence a'(r) > for all r > 0. Assume that 

(I) g'(r) < ag(r) for all r > . 

Then (2.22) implies that 

e'(r) < Ce(r)a'(r) , 

where we may take C — C a + 1. Substitute the above inequality into (1.4) and we 
have 



(2.24) CQ[a'(r)] 2 + Qa"{r) + (n - l)jQa' - (n - l)^g(a)g'(a) > . 
As < f'(r) < cl, we have 



f'(r) 

— — < ci for all r>r Q , 
f(r) 

where c\ is a positive constant. Since 0(r) > and a'(r) < C for all r > r , we 
have 

a" a' 1 

(2.25) , " . +C" , " . -(n-l)4r>0 
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for all r > r Q , where C" is a positive constant. For r > r Q , let 

(2 - 26) ffW =« 

We have 

— — — = if' + H 2 [g' 2 (a)(a) + <?(«)«?»] . 
Substitute into (2.25) we obtain 

(2.27) [g' 2 (a) + g(a)g"(a)]H 2 + H' + C'ii - > 0. 

As a' > 0, we have either lim^oo a(r) = oo or a is bounded - in the latter 
case a = by theorem 2.17. Therefore we may assume that lim r ^ 00 a(r) = oo. 
Assume that 

(II) g"(r) > 

for all r > r a . As g'(0) = 1, we have g'(r) > 1 for all r > 0. Thus lim^oo g(r) = 
oo. Furthermore, assume that for some positive constant c, 

(III) g'2(r) -g(r)g"(r) > c 2 for all r > . 
Then we have 

0<[g' 2 (a)+g(a)g"(a)]H 2 = 



n, . . ,,, . i rr-2 a' 2 [g' 2 (a) + g(a)g"{a)} 



g 2 (a)g' 2 (a) 
a' 2 | a' 2 g(a)g"(a) 
g 2 (a) g 3 (a)g"(a) 



as by assumption (III) g' 2 (a) > g(a)g"(a) . Similarly we have 

lim H(r) = . 

r— »oo 

Then (2.27) gives 

lim H'ir) > k > . 

As if (r) > 0, we have 

(2.28) I" H(s)ds = 0(r) . 

J To 

On the other hand by (III) we have 

-(ln^)' = H[g' 2 (y)-g(y)g"(y)} > c 2 H 
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for all r > r Q . Thus 

(2.29) -In ^% = - fOn*M)'dr > f tf( S )d S . 

Assume that 

(IV) ^4 > o! for all s > 1 , 

where a' is a positive constant, or, 

(IV) ^4 > — for all s > 1 . 

y(s) s 

In the first case we have a' < g'(y)/g(y) < a for all r large enough. Therefore 
(2.21) implies that 

/•OO 

/ H(s)ds <oo. 

Since o/(r) < C, which implies that a(r) < C±r for all r > r Q , where C\ is a 
positive constant. As lim r ^ 00 o;(r) = oo, we may assume that a(r) > 1 for all r 
large enough. Therefore in the second case we have 

g(y) a(r) r 
for all r large enough, where C" is a positive constant. We have 

f H{s)ds < C'lnr 

for some constant C" . In both cases, we have a contradiction with (2.28). Q.E.D. 

For p = 2, Liouville's type theorems for harmonic maps have been discussed 
in [11]. In [12], Liouville's type theorems for p-harmonic maps are obtained under 
assumptions on the curvature of the manifolds. The conditions in theorems 2.17 
& 2.23 involve the first derivative of the solution and growth of /(r), which relax 
assumptions on the curvature. 



3. Existence of bounded positive solutions 

In this section we show the following local existence theorem for equation (1.4). 

Theorem 3.1. [2] Let f and g be C 2 functions on [0, oo) which satisfy the 
conditions in (1.1). Then for any a > 0, there is a unique solution a G C 2 [0,e) to 
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equation (1-4) for some e > 0, such that a(0) = ; a'(0) = a and a > on (0, e). 
Proof. Equation (1.4) is equivalent to 
// , n - 1 , Ti-l 1 /' (9 q - 1 )\ , ( g{a)g'{a) a 

a +— a -— a = ^ n - l )(-.-j)--§^r) a + ( n ~ 1 )( — p 7) • 

Let z — a/r. Then the above equation becomes 
(3.2) 

rz" + (n + l)z' = - - + + (n-l)( 9{rZ }f2 Z) ~ ~) ■ 



./ 



#9- 



/(r) s 



For equation (3.2), the homogeneous part has linearly independent solutions 1 
and r _ ™, with Wronskian (— n)r~ n ~ l . Letting v(r) = y/rz'{r), the second order 
equation (3.2) with lim r ^ + — 01 is equivalent to the following system of 
integral equations: 

r s n 

(3.3) z(r) = T]_{z,v) = a + (n - I) J (1 - — )$(s, u(s), z(s)) ds and 



t>(r) 



T 2 (z,u) =n(n- 1) 



r™ + 2 



-$(s,?j(s),z(s))ds, 



where 
$(s,u,z) 



} + Z) ~ in- 1)9^ (v^ + *) + ( f(g)2 --)■ 



v s /( S ) yvv ' (n-l)^-i vv ' v /(s)2 

We apply the method of successive approximation on (3.3). Except for the term 



A(s,v,z) 



$(s, v, z) is only a polynomial in v and z. Thus we need to make sure that all of 



' dz 



and are continuous near s = for any z > and t>. Consider the term 



9d 



A(s,v,z). By (2.3), we have 



A(s,v,z) 



2(<jr-l)(n-l) 



(2g - + ^ + (n - l)g(szY/f(s) 

f( s )(^ v + z ) 2 g{szff{s) 



2g(sz)g'(sz)(y/sv + z) 

m 2 



where the denominator is a differentiable function and never vanishes when s > 0. 
Assume that when r is close to 0, 

f(r) = r + f ir 2 + o(r 2 ) ; 
g[r) = r + g\r 2 + o(r 2 ) , 
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for some /i , #1 G IR. A computation gives 

< 3 ' 4 > SS^ «• 2 > - <-« 2 + 4 ^ 3 - ^) • 

and 

, dA, , -4(g-l)(n-l)u 

lim -~-(s, z) = ^ 2 = -~-(0, v, z) , 

s^o dv (2q + n — 2)z 2 ov 

dA 4(q-l)(n-l)(v 2 + 2 gi z 3 ) dA 
lim -7-{s, v, z) = — — = — (0, v, z) . 

s—o dz (2q + n — 2)z 4 oz 

It follows that $, |p and are all continuous near (0, z, i>) for any z > and v. 
Moreover, as s tends to 0, 

(3.5) I_/^ = /l + 0(s) , 
and 

(3.6) " 7 = % " /l2 + • 

For e > sufficiently small, we consider the complete metric space 

Oi 

S = {(z, v) : 2, f G C(0, e) with sup \z(r) — a\ < — and sup \v(r)\ < 1} . 

(0,6) 2 (0 ,e) 

By equations (3.4), (3.5) and (3.6), for any (z,v) G S and e < a 2 /4, 
|$(a,t;( a ),z( a ))| 

< + 1 X+i-~2) 1) (1 + Y l9lla3 + 9|/l|ft2) + + IAI)a2 + V ' 

where 77 > is small. Thus the operator defined by T = (Ti,?^) as given in (3.3) 
maps S into itself. Therefore by contraction mapping theorem, the system (3.3) 
has a unique solution (z, v) G C[0, e) for some e > 0, with z(0) = a and v(0) = 0. 
Since z' — vj y/r, y' = y/rv + z, and 

(3.7) „'(,.) = ^_J_ _(„+_)_, 

we have z, t> G C°°(0, e) and so y G C°°(0, e) fl C^O, e). It remains to show that y 
is C 2 at r = 0. To do this, we observe that by L'Hopital's rule, 

v f r s n 

lim z'(r) = lim —= = lim(n — 1) / — — $(s, v(s), z(s)) ds 
r^o v ' r- >0 ^/r r^o v y Jo r n+1 

n — 1 

= -—r$o , 
n + 1 
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which is also equal to z'(0). Here 

def r ^ n n , (w - - 2g + 2)fl 1 g 2 + (4ng - 2n 2 - 2g - n + 2) .fig 
$o = hm $(*,«(«),*(«)) = 2 g + n-2 

As a result, 

/// \ , a'(r) — a 2(n — 1) ^ , „, , 
a" = lim — ^ = -i = lima" r . 

V ' r^O r 71+1 r-+0 y ' 

Q.E.D. 

Theorem 3.8. [2] For p > 2, let a(r) e C 2 (0,i?) &e a positive solution to (1.1) 
with lim r _^o+ = 0, where R is a positive number. Suppose that f and g satisfy 
the conditions in (1-4) and there exists a positive constant a such that \g'(r)\ < a 
for all r > 0. Then y can be extended to a positive solution of (1-4) on (0, oo). 

Proof. By the continuation of solutions [3, p. 15], it suffices to show that 
a solution of equation (1.4) is bounded on the interval (0, R). There exists a 
positive constant b such that |/'(r)| < b and \g'(a(r))\ < a for all r G (0, R). By 
lemma 2.15 we have 9{r) < C for all r e {R/2, R). Thus a'(r) and hence a(r) are 
bounded on (R/2, R). We can continue the solution to (0, R + e) for some positive 
number e. Q.E.D. 

Theorem 3.9. [2] Suppose that p > 2 and n > 2, and assume that there exist 
constants a > 0, and 5 > 1 with (n — 1)5 > 2q — 1 (q — p/2) such that 

g(y) > 0, < g'(y) <a for any y > , 

and 

f(r) x r s f'(r) > for large r , 
then all positive solutions to equation (1.1) are bounded if and only if n > 1. 

Remark. When the above conditions are satisfied, by using theorem 3.1 and 
theorem 3.8, there exists a family of global solutions which are all bounded har- 
monic maps. 

Proof. When n — 1, then 9 = (a') 2 . Equation (1.4) implies that a' is constant. 
Hence 

a'(r) = o/(0) = a , or a(r) = ar , 
which is unbounded. Asume that n > 1. Equation (1.4) implies that 



15 



when r is sufficiently large, say, when r > r . Hence 

V) < C ( [ r s- 28 e q - l a ds + 1) . 

Jro 

Apply Lemma 2.15 to obtain 

M- 1 ™ rr 

(d q - l a) < 2(n-\)(q-\)(a + \)—f- + C{\ s^O^a ds + 1) , 

OA rr 

= —9 q - l a + C( S - 25 9 q ~ l ads + l) 

r Jr 

for r > ro, where r Q is a positive constant. Thus 

(3. 10) (r-- 25 6 q - l a)' = Cr' 2S QT s" 2 ^"^ ds + l) . 
Let 

u = f s- 26 6 q ' l ads + l. 

Jr 

Equation (3.10) can be written as 

(3.11) u" < Cr- 2S u < e 2 r- 2 u 

for some small < e < 25 — 2. So h is a supersolution of the Euler equation. By 
the weak maximum principle, we obtain 

u < Cr 1+€ . 

Substitute this result into equation (3.10) and integrate. We have 

r- 25 6 q - l a < C ( r - 2S+2+e + 1) < C 

for r > r , and so 

(3.12) r s (n - 3) ^ 9_1 a ds < cA n - 1)5+1 . 

Jro 

On the other hand, we have 

(3.13) {f n - 1 9 q - 1 a')' < (n - l)a/ n_3 ^- 1 a . 
Integrate from r to r, we obtain 

(3.14) p- x B q - X (J <C{[ s^-Wp-^a ds+1). 

Jro 

Substitute equation (3.13) into equation (3.14) to obtain 

(a') 2 *" 1 < O^a' < Cr . 
16 



After integration we have 

a < Cr 1+1 /^ , 

This implies that 

O^a < Cr 2 . 
Substitute this result into equation (3.14) again, 

If 25 - 2 > (n - 1)5 >2q-l, then 



-(n-l)S 

a < Cr 2,-1 . 



Therefore we have 



(3.15) a < C(r l ~^^ + 1) , 

which means that a is bounded, as required. Otherwise, 

-i . 3-25 

a <C(r 1+ — + 1). 
When 1 + f^f < 0, then a is bounded. If not, 

6 q - l a < Cr 4 ' 25 . 

Substitute into equation (3.14), 

(a') 2 "- 1 < Cr 5 ~ AS + Cr-^ s . 

In this way, we have a sequence of upper bounds for (y') 2q ~ 1 as a linear combination 
of r 2fc + 1 - 2fc<5 a nd r-i™- 1 ) 5 . Since 5 > 0, r"*™ -1 ) 5 will dominate after a finite number 
of iterations. Therefore equation (3.15) holds eventually. Thus y is bounded. 
Q.E.D. 

Theorem 3.16. [2] Forp > 2 andn > 2, if (n— 1)5 < 2q—l, where q =p/2, and 
f x r 5 for large r, then no positive entire solution to equation (1-4) is bounded. 

Proof. Observe by equation (3.13), the function f n ' 1 9 q ' 1 y' is increasing to 
some P > (may be oo). Hence there is some constant C such that for large r, 

(3.17) O^a' > Cr-^ s . 

Suppose for contradiction that a solution y is bounded. Then we must have 
6 x (a') 2 . For if otherwise, we have a sequence of points where 

6 x r- 2S and a' = o(r" <5 ) . 
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So 

f n - 1 9 q - 1 a' = o(r Mn - 2q) ) , 
= o(l), 

which is impossible, since P > 0. Therefore by equation (3.17) we have 

-(n-l)<S 

a > Cr 2 <j-i 

1 (n-l)S 

for large r, so that y is greater than Cr 2 9 -i , or Clogr. In both cases, y is 
unbounded. This gives a contradiction. Q.E.D. 

Theorem 3.18. [2] For p > 2 and n>2, if (n - 1)5 < 2q - I, f ~ Cr 5 , and 
< g' < a (a > 0), £/ien any positive entire solution y of equation (1.4) satisfies 

-(n-l)S 

y ~ Ar 2 i~ 1 for some constant A > . 

Proof. As f n ~ 1 9 q ~ 1 y' tends to a number P, finite or infinite. Suppose that 
(n — 1)5 < 2q — 1. If P = oo, then we can find a sequence Rn — > oo such that, at 
r = P^, f n - 1 B q - 1 y\R N ) = N, and for r < Pjy, 

f n - l q - l y'(r) < N . 

Hence r^ n -^ s (y') 2q ~ 1 < CN for some constant C. This gives, after an integration, 

1 , (ra-l)<5 

ct(r) < CN 2 i-i r 2g-i . 

Thus 

2 2(n-l) 

6>(r) < CN'^r . 
So by equation (3.10) we have 

y ^-!Ar— S M> <+1 -Vf rf s + lj , 
'•-Rjv 



s^ds + l) , 
= o(l)iV 



for r sufficiently large. Therefore, as N — > oo, N = o(N) which is impossible. 
Hence there exists some constant P G R such that 

(3.19) f n - x d q ~ x y' ~ P . 

Thus 

-(n-l)<5 1 (n-l)<5 

a < Cr 2 <j-i and a < Cr 2 9 -i . 
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Substituting these bounds into 6 in equation (3.17), we obtain 



-(n~l)<5 1 (n-l)6 

y x r 2 9-! and a x r 2 i- 1 



Therefore 9 ~ (a') 2 and 

-(n-l)<S 

a ^ Ar 2 9-! for some A > . 
When (n — 1)5 — 2q — 1, the procedure is similar. 

a' < CW^Tr- 1 , 

and 

a < CiV 2 ^ 1 logr . 

So 

/-Rjv 
s 1 - 25 log sds = o(l)iV . 

The other cases follow in the same way. Q.E.D. 

Corollary 3.20. [2] For p > 2 and n > 2, if 8 > > 1 ; / ~ O 5 , and 

< g' < a, then 

-(n-l)6 

y ~ Ar 2 9-! for some A > . 

Proof. We follow the proof in Theorem 3.11. Suppose there is a sequence 
R N ^oo such that f n - l O q - l y'(R N ) = N, then for r < R N , 

1 (n-l)S 



but 



Hence 



N < O J*" s (n - 3)5 max{s- (n - 1)5 , s' 26 ^} ds + ij 



/Rn , 
S - S ds + 1) , 

= o(l)N 

for r sufficiently large, and as N — > oo. The other cases are similar. Q.E.D. 

Corollary 3.21. [2] For p > 2 and n > 2, if 6 > > 1, f ~ Cr 5 , and 

< g' < a, then 

-(n-l)S 

a ~ Ar 2 9-! for some A > . 
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Proof. We follow the proof in Theorem 3.18. Suppose there is a sequence 
R N -> oo such that f n ~ l 6 q ~ l y' \R N ) = N, then for r < R N , 



but 



1 (n-l)<S 



a < CAT 2 *- 1 . 



Hence 

AT < O s (n_3)5 max{s- (n - 1)5 , s" 2 ^" 1 )} rfs + l^J 

= 0(N / s- 5 ds+ 1) , 

Jr 

= o(l)N 

for r sufficiently large, and as A" — > oo. The other cases are similar. Q.E.D. 

Theorem 3.22. [9] Assume that f'(r) > for allr > and lim^oo /'(r) = oo. 
Suppose that g'(y) < /or a// y > ; where k is a positive constant. Let a(r) G 
C 2 (0, oo) fre a positive solution to (1.4) with f and g as above and lim r ^ + a ( r ) — 
0. If 2 < p < n, then for any e G (0, 1), there exist positive constants r Q and C 
such that a'(r) < C// 1_e (r) for allr > r Q . If p > n > 2, then for any e > 0, there 
exist positive constants r Q and C such that 

C 



a'(r) < 



/-, \ (n — 1) 

(f(r)f^ — 
for all r > r a . 

Proof. Given 1 > e > 0, as in (5.15) (with e = 1 — r) we can find a positive 
number r Q such that 

2g(a(r))g'(a(r))a'(r) _ f(r) g 2 (a(r)) ( , ( ))2] 
f 2 (r) f(r) 1 P(r) + 1 1 ))l 

g\a{r)) 2 _ 2 2 f\r)g\a(r)) f(r) 2 

" tP(r)f>(r) [k e}{r)l {l e)[ P(r) + f(r) ( " (rjj J 

< -(l-6)^^ + (a'(r)) 2 l 
" 1 j /(r) [ / 2 (r) +lalrJn 

for all r > r c , as g'(s) < k and lim^oo f'(r) = oo. By (2.15) we have 

t 2 (a(r))i 



(3.23) e'{r)[(p-l)(a'(r)) 2 + (n-iy- 



f 2 (r) 



< -(1 - e)(p - 2)(n - ^y^t^y 1 + («V)) 2 ]0(r) 
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for all r > r Q . Thus if 2 < p < n, then (3.23) implies that 

9'(r)<-(l-6)(p-2)^e(r) 

for all r > r Q . An integration gives a'(r) < C / f 1 ~ e (r) for some positive constant 
C and for all r >r Q . If p > n > 2, then (3.19) gives 

* (r) <_ (1 _ e) <Ezi^m eM 

for all r > r Q . An integration gives 

C 



a'(r) < 



/-i \ (n— 1) 

(/(r)) (1 - e) ^T 

for some positive constant C and for all r > r c . Q.E.D. 

As a corollary, we have the following result (c.f. [2]). 

Corollary 3.24. [9] Assume that f'(r) > for allr > and lim,,^^ f'(r) = oo. 
Suppose that g'(y) < k for all y > 0, where k is a positive constant. Assume that 
f(r) > Cr s for some positive constant C and for all r > f > 0, where s > 1 if 
2 < p < n, and 

(n-1) 

if p > n > 2. Let a(r) G C 2 (0, oo) be a positive solution to (1-1) with f and g as 
above and lim r _ >0 + «( r ) = 0. Then a is a bounded function on M + . 

Proof. From theorem 3.21, we can choose r Q > and e > so that 

C 



a'(r) < 



for all r > r Q . Here 5 is a positive constant. An integration shows that a is a 
bounded function on 1R + . Q.E.D. 

In particular, for p > 2, all rotationally symmetric p-harmonic maps from 
the hyperbolic space to the Euclidean space are bounded. 
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4. ^-harmonic maps from hyperbolic space to itself 



In this section we discuss rotationally symmetric p-harmonic maps from the hy- 
perbolic space to itself. In this case f(r) — g(r) = sinhr as the metric 

dr 2 + sinh 2 r dip 2 

is exactly the hyperbolic metric. The results in this section can be found in [8]. 

Lemma 4.1. For p > 2, let F(r,tp) = (a(r),tp) be a rotationally symmetric 
p-harmonic map from the hyperbolic space to itself, where a G C 2 (0, oo) and 
lim r ^ + oi(r) — a(0) — 0. If there exists r Q > (ln3)/2 such that a(r Q ) = r Q + 5 for 
some 5 > and a'(r ) > 1, then a(r) > r + 5 and a'(r) > 1 for all r > r . If 
there exists r Q > (ln3)/2 such that a(r Q ) = r Q — 5 for some 5 > and a'(r ) < 1, 
then a(r) < r Q — 5 and a'(r) < 1 for all r > r Q . 

Proof. Suppose that there exists r Q > (ln3)/2 such that a(r ) = r Q + 8 for 
some 5 > and a'(r ) > 1. Assume that there is a point r' > r Q such that 
ct(r') = r' + 5. Then there exists a point r e (r , r') such that ct(r) > r + 5, 
a'(r) = 1 and ct"(r) < 0. Let ct(r) = r + e where e > 5 is a constant. As 
f(r) = g{r) = sinhr, at the point r where a'(r) = 1 we have 

2g(a(r))g'(a(r))a'(r) f{r) g 2 (a(r)) 2 



f 2 (r) /(r) L / 2 (r) 

1 -[2{e r -e- r )(e a -e- a ){e a + e~ a ) 



8/3(r) 

-(e r + e" r )(e a - e" Q ) 2 - (e r + e" r )(e r - e~ r ) 2 ] 

= ^rrr(e r e 2a - 3e r e - 2a - 3e~ r e 2a + e~ r e- 2a + 3e r + 3e~ r - e" 3 " - e 3r ) . 
8/ 3 (r) 

As ct(r) = r + e, we have 

(A0 , 2g(a(r))g'{a{r))a'{r) f'(r) l g 2 {a{r)) 

{ ] f 2 (r) f(r) [ P(r) + [a {r)) 1 

= ^[(e 2£ - l)(e 3r - 3e r ) + (^~ r - e^)(l - e" 2e )] . 

If r > (ln3)/2, then e 3r - 3e r > and 3e" r - e" 3r > 0. Equation (4.2) implies 
that 

2g(a(r))g'(a(r))a'(r) _ f{r) g\a{r)) 2 

/2(r) /(r) I /2(r) + l« UJ J > 
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and by (2.3) 0'(r) > because 0(r) > 0. As 



hence 6' 



(r) > if p > 2. We have 



e\r) = {n 



1)( 




)' + 2a\r)a"{r) . 



P(r) 



And 



(4.3) 





As a(r) > r, we have 



Hence a"(r) > 0. This is a contradiction. Hence a(r) > r + 5 for all r > r . 
Suppose that there is a point r' such that a(r') = 1, then there is a point r G (r , r'\ 
such that ct(r) > r + 5, a'(r) = 1 and a"(r) < 0. This would give us the same 
contradiction. Hence a'(r) > 1 for all r > r . Similar argument works for the case 



Lemma 4.4. For p > 2, let F(r,tp) = (a(r),tp) be a rotationally symmetric 
p-harmonic map from the hyperbolic space to itself, where a G C 2 (0, oo) and 
lim r ^ + Oi{r-) = a(0) = 0. Then we can find a point r D > such that either 
a(r) > r or a(r) < r for all r > r Q . 

Proof. Suppose that we cannot find such a point r Q . Then there exist two points 
f'2 > f'\ > (ln3)/2 such that a{r{) = r\ and a(r 2 ) = r 2 and a(r) < r or a(r) > r 
for all r G (r\ , r 2 ). Then we can find a point r G (n , r 2 ) such that a'(r) = 1 and 
if a(r) > r, then ct"(r) < 0; if a(r) < r, then a"(r) > 0. But the proof of lemma 
4.1 shows that these are impossible. Q.E.D. 

We have the following Liouville's type theorem for p-harmonic map on 
hyperbolic spaces. 

Theorem 4.5. For p > 2, let F(r,tp) = (a(r),ip) be a rotationally symmetric 
p-harmonic map from the hyperbolic space to itself, where a G C 2 (0,oo) and 
lim r ^ + a(r) = a(0) = 0. Assume that there exists r Q > (ln3)/2 such that a(r a ) > 



a(r ) 



Q.E.D. 
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r Q and a'(r ) > 1. Then given any positive number C , we have a point r c such 
that a(r) > r + C for all r > r c . 

Proof. Assume that there is a positive number C such that a(r) < r + C for 
all r > r Q . Let a(r Q ) = r Q + e D for some constant e Q > 0. By lemma 4.1, we 
have oj(r) > r + e Q and o/(r) > 1 for all r > r D . Assume that at a point r > f, 
a(r) = r + e and o/(r) < 1 + 77, where e > e D , and f > r G and ?/ are a positive 
constants to be determined later. Then 



-(e 3r e 2e - 2e r + e^e" 26 + e r e 2e - 2e~ r + e" 3r e - 2e ) 
-(l+77) 2 (e 3r -e r -e- r + e- 3r )] 
= 7 ^T{e 3r [e 2e -(l+7 ? ) 2 ] 

-e r [3e 2e - 2 + (1 + ??) 2 ] - e^[3e 2e - 2 + (1 + ??) 2 ] 
_ e -3r [e -2e_ (1 + r?)2]}> 



for all r > r with a'(r) < 1 + 77. As a'(r) < 1 + 77 and a(r) < r + C for some 
positive constant C, we have 



2g(a(r))g'(a(r))a'(r) f(r) ,g 2 (a(r)) 



+ («'(r)) 2 ] 



> 



/2(r) /(r) L /2(r) V 

i_[2( e 3r e 2e - e^e- 2e - e r e 2e + e" 3r e" 2e ) 




(4.7) 



(p-l)(o/(r)) 2 + (n-l) 




/ 2 (r) 



{n — 1) e : 



,2C 



- 2e~ 2r + e~ 4r e~ 2C 



< ( p -l)(l + r] ) 2 + 



4 



1 - 2e" 2r + e~ 4r 



where c' 



is a positive constant. Hence 



(4.8) 



0'(r) > c o 0(r) for all r>r with a'(r)<l + r/, 
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where c G = c/c' is a positive constant. Since the set O = {r > r\ a'(r) > 1 + 77} 
is an open set, we can decompose O as 

= uf =1 (a i ,6 i ), 

where j3 G N U {00} and a, < 6« < a i+ i. For r e (a,, foj), we have ai'(r) > 1 + 77 
and 

(j^)' > f ^jfff ive r e a + (2 + V )e r e- a - (2 + r^e" - T^e""] > 

if we choose f to be large. Since a'(aj) = a' {pi) = 1 + i] and on (a*, 6j) we have 

/0 2 («)w 



v /2(r) 

therefore 



>0, 



g(a<) = (w-l) ^. fl + HO] < (" ~ 1) + F (&«)] = 0(&»)- 

That is, 

(4.9) e( fli ) < 0(6.) 

for all i = 1,2, /3. On the open set O we have a' > 1 + 77. As ct(r) > 1 for all 
r > r Q , by lemma 4.1, we have 

r + C> a(r) >r + r][J2( b i ~ a i)\ > 

i=i 

where /3(r) is the biggest index j such that < r. Therefore 

C>77E( 6 i- a <)- 

j 

So the compliment of O on (ai,oo), which is given by Uf =1 [bi,a i+ i], has infinite 
measure, where ag + i = 00 if (3 is an finite integer. For r e [6j,a i+ i] we have 
a'(r) <l+rj and by (4.5), O'(r) > c G 6(r), or 

e(a m ) > e(60e Co(ai+1 - bi) 

for all i. Apply (4.6) we obtain 

0(a m ) > 6(6 J )e c °^+ 1 - 6 ^ 

> 0(a i )e Co(ai+1 ^ ) 

> e(Vi)e c ° (a '^ 1 " l) e Co(a,+1 ^ ) 
= 6(6 i _ 1 )e Co ^ l+1 ~ 6 ^ + ^ l ~ 6i - 1 ) . 
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Therefore by induction we have 

(4.10) Q(a N+1 ) > e(6 1 )e c °St 1 K+i-^) . 

For r = citvh-i we have a'(ajv) < 1 + V and a:(ajv) < a^v + C, therefore 

Q(a N ) < a 

as in the proof of lemma 4.4, where C\ is a positive constant independent of N. 
This is a contradiction, as we have that the set l/f =1 [bi, Oj+i] has infinite measure. 
Therefore there is a point r c such that a(r c ) > r c + C. Lemma 4.1 shows that 
a(r) > r + C for all r > r c . Q.E.D. 

Theorem 4.11. For p > 2, let F(r,tp) = (a(r),ip) be a rotationally symmetric 
p-harmonic map from the hyperbolic space to itself, where a G C 2 (0, oo) and 
lim r ^ + oi(r) = a(0) = 0. Assume that there exists r Q > (ln3)/2 such that a(r ) < 
r Q and a'(r ) < 1. Then a is bounded on [0, oo). 

Proof. It follows from lemma 4.1 that there is a positive constant e G > such 
that a(r) < r — e Q for all r > r . At a point r > r Q , let a(r) = r — e where e > e Q . 
We have 

2g(a(r))g'(a(r))a'(r) f'(r) [ 9 2 (a(r)) + 



P{r) /(r) L P{r) 

An 2 (n,(r\\ f'(r\ 

(a'(r)Y 



2g{a{r))g'{a{r))J'{r){a'{r))\ l f{r)g\a{r)) /'(r) , 



/'(r)/T(r) L /(r) / 3 (r) /(r) 

< 1 g 2 (a(r))g«(a(r)) _ /'(r) 2 _ /' (r)g 2 (a(r)) 



1-r / 3 (r)f(r) v ' /(r) v v " /3( r ) 

//(r) («'W) 2 



/(r) 

1 g\a{r))g'\a{r)) _ {i _ T) f\r)g\a{r)) 



1-r f 3 (r)f'(r) v ' f 3 (r) 

n /3(r) + /(r) i« ^ J 



~ d-r)(e* + 2 + e" „ 

n /3(r) + /(r) i« u; j 

# 2 (a(r)) f e 2r e~ 2 " + 2 + e~ 2r e 2e - (1 - r) 2 (e 2r + 2 + e~ 2r ) ^ 



4/ 3 (r)f(r) v 1-r 
r W (a(r)) ^ 

n /3(r) + /(r) i« ^ 
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g 2 (a(r))e 2r (1 - r) 2 - e~ 2e - 2e~ 2r [(l - r) 2 + 1] - e" 4r (e 2e - (1 - r) 2 ). 



4/ 3 (r)/'(r) 



1 - r 



-t 



r /'(rV(«(r)) , /'(r), , 



+ 



(a'(r)Y\ 



< 



f 3 (r) f(r) 

g 2 {a{r))e 2r (1 - r) 2 - e' 2 ^ - 2 e - 2r [(l - r) 2 + 1] - e~ 2r + e - 4r (l - r) 2 



4/3( r )//( r 
-r[ 



1 -T 



fWjajr)) f{r) 2 
/3(r) + /(r) l«W]> 



where we have made use of the inequality 2AB < A 2 /(l — t) + (1 — r)5 2 for 
1 > r > 0, and r > e > e G > 0. Choose r > such that (1 - r) 2 > e" 2e ° + (1 - 
e" 2e °)/2 = (1 + e" 2e °)/2. Since g'(r) = f'(r) = (e r + e~ r )/2, we can find positive 
constants f, such that for r > f, we have 

(4.12) 

g 2 (a(r))e 2r (1 - r) 2 - e~ 2e ° - 2 e - 2r [(l - r) 2 + 1] - e- 2r + (1 - r) 2 )e' 4r 
4/ 3 (r)f(r) [ 1=7 J > • 

Hence for all r > f, 

2g(a(r))g'(a(r))a'(r) _ f'(r) g 2 (a(r)) 

f 2 (r) f(r) 1 f 2 (r) + 1 [ ))l 

J'(r)g 2 (a(r)) fir), .. 2l 

where c > is a positive constant, as f'(r)/f(r) is a bounded function for r > 
f > 0. Hence 

(4.13) &(r)[{p - 2){a\r)) 2 + (n - 1)^|] < -c + (a'(r)) 2 ]6(r) . 

If we take b = max {p — 2, n — 1} and c' = c/6, then 

(4.14) e'(r) < -c'e(r) for all r>f. 
Hence 

0(r) < e- c '(*- f )0(f). 

So we have 

q (r) < C e p- 2 for all r > r , 
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where C = (6(r))p- 2 is a positive constant unless a is the trivial solution. As 
a'(r) > 0, upon integration we have that a is bounded. Q.E.D. 

Remark. As f can be estimated by using e Q and r a and thus 0(f) can be 
estimated in terms of e Q and r a . Therefore we can find a constant C(r ,e ) such 
that a(r) < C(r Q , e Q ) for all r > 0. As we have a'(r) > for all r > , if a is not 
a trivial solution, hence under the assumption of theorem 4.1, there is a positive 
number a such that lim r ^ 00 o;(r) = a. 

Theorem 4.15. For p > 2, let F(r,tp) = (a(r),tp) be a rotationally symmetric 
p-harmonic map from the hyperbolic space to itself, where a G C 2 (0, oo) and 
lim r _^ + ot{r) = a(0) = 0. Suppose that there exist positive constants C and f such 
that r + C > a(r) > r — C for all r > f, then a is asymptotic to the the identity 
map ai(r) = r 

Proof. By lemma 4.4, we can find a constant r\ such that either a(r) > r or 
a(r) < r for all r > r\. Assume that there is a point r Q > max{f , ri} such that 
a(r a ) > r a . If there is a point r 2 > r Q such that a(r 2 ) = r 2 , then either a(r) = r 
for all r > r 2 or there is a point r 3 such that a(r 3 ) > r 3 . In the second case then 
we can find a point r 4 such that r 2 < r 4 < r 3 and a(r 4 ) > r 4 and a'(r 4 ) > 1. By 
theorem 4.5, a(r) > r + C when r is large. Therefore a(r) > r for all r > r Q if 
a(r) ^ r on (r 2 , oo). Let 

c D = inf {c > | there exists a point r c > r Q such that a(r c ) = r c + c} . 

If ct(r c ) = r c + c for some r c > r Q , then a(r) < r + c for all r > r c . For if there 
is a point r 5 such that r 5 > r Q and a(r 5 ) > r 5 + c, then we can find r' 5 G (r c , C5] 
such that 0(^5) > rg and c/(r 5 ) > 1. By theorem 4.5 this is not possible in this 
case. Given any e > 0, we have a point r Co+t such that a(r c ) = r Co+e + c Q + e and 
a(r) < r + c Q + e for all r > r Co+t . As a(r) > r + c Q for all r > r Q , we have the 
line y = x + c Q being an asymptotic of a. If c Q > 0, then we have a(r) > r + c Q 
for all r > r Q . Theorem 4.5 shows that a'(r) < 1 for all r > r Q . In fact if there is 
a point r > r Q such that a'(r) = 1, then as in (4.2) and the proof of lemma 4.1, 
we have a"(r) > 0. But this is not possible by theorem 4.5. Thus a'(r) < 1 for 
all r > r . Since a(r) > r + c Q for all r > r , we can find sequence > r a , i G N 
with lim^oo rj = 00, such that oc{rj) > ri + c Q with c D > and 1 — rj < a'(rj) < 1, 
where we can choose 77 as small as we like. We choose r] > so small such that 
2e 2c °(l — rj) > 2 + (e 2e ° — l)/2, that is, 3e 2e ° — Ar] > 3. Then for any point r with 
a'(r) > 1 — rj and a(r) = r + c' a with C > c' Q > c Q , a calculation as in (4.2) shows 
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that we can find a constant r 6 > r Q such that if r > r 6 , 

(A , fi x 2g(g(r))g / (a(r)K(r) _ f(r) ff 2 (a(r)) 2 

1 j / 2 (r) /(r) [ /*(r) + ^ 

> g^y[2(l - v)(e 3r e 2c ° - e~ r e~ 2c ° - e r e 2c '° + e~ 3r e^<) 

_(e 3 V c o - 2e r + e" r e- 2c ° + e r e 2c ° - 2e" r + e~ Zr e^) 
-(e 3r -e r -e- r + e- 3r )] 

where C"(C, 77, c G ) is a positive constant. As /(r) = (e r + e~ r )/2, therefore we can 
find a point r 8 > r 7 such that 

(4 17) wyi _ + Mr)n > c> , Co) 

for r > r 7 and for some constant C"(?7, c ) > 0. That is, 

9'(r)[(p - 2)(a'(r)) 2 + (n - 1)^^] > (p - 2)(n - c o )0(r) 

for all r > r 8 . Since 1 - 77 < (a'(r)) 2 < 1 and C Q < g 2 (a(r))/f 2 (r)) < C , as 
r < a(r) < r + C for all r > r 8 , we have Ci < 9(r) < C[ for all r > r 8 and 
for some positive constant C ,C' ,Ci and C{. Furthermore (^-j^-)' < as in the 
proof of lemma 4.1. Therefore a"(r) > ci if r > r 7 and a'(r) > 1 — rj, where c\ 
is a positive constant. For the sequence {xi}, we choose a point Xj > r 7 and at 
Xi we have > Xi + c D and 1 > a(xj) > 1 — rj. Therefore a"(xi) > c±. And 

for all r > ij we have a(xi) > X{ + c Q and a(xj) > 1 — 77 as a"(r) > ci > for 
all r > rj. Thus a"(r) > C\ for all r > r\. Then we can find r 8 > 7^ such that 
a(r 8 ) = 1, which is impossible. Hence we must have c Q = 0. Similar argument 
works for ct(r) < r, using theorem 4.11. Q.E.D. 

For p > 2, let F(r, tp) = (oi(r), ip) be a rotationally symmetric p-harmonic 
map from the hyperbolic space to itself, where a G C 2 (0, 00) and lim r ^o+ cx(r) = 
cc(0) = 0. By lemma 4.3, there is a point r Q > such that either ct(r) > r or 
a(r) < r for all r > r Q . If a(r) ^ r for r > r D , then there is a point > r such 
that either a(rj) > or ct(rj) < r^. If a(rj) > and a'(r,j) > 1, then by theorem 
4.4, a(r) > r + C for all r large. If a(rj) < r« and c/(ri) < 1, then a is bounded. 
The other cases are a'(r) < 1 for all r > r\ with a(r) > r and a'(r) > 1 for all 
r > ri with a(r) < r, that is, a(r) is bounded between r + C and r — C for some 
C > and for all r large. Hence a is asymptotic to the line y = x by theorem 
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4.15. Therefore we have the following. 

Theorem 4.18. For p > 2, let F{r,tp) = (a(r),ip) be a rotationally symmetric 
p-harmonic map from the hyperbolic space to itself, where a G C 2 (0, oo) and 
lim r ^ + cx(r) = a(0) = 0. Then either 1) for any constant C > 0, a(r) > r + C 
for all r large, or 2) a is bounded, or 3) a is asymptotic to the identity map. 



5. Asymptotic properties 

Let /, g be functions in C 2 ([0, oo)) which satisfy the conditions in (1.1). We study 
asymptotic properties of solutions to (1.4). In this section we assume that / is 
similar to the hyperbolic space and g is similar to the Euclidean space. The result 
in this section can be founded in [9] We assume that there are constants a, C > 
such that 

(A) ^e ar < f(r) < Ce ar , ^e ar < f(r) < Ce ar 
for all r > 1. And for y > 1, we assume that 

(B) g(y)<C'y m , 0<g'(y)<C f y m - 1 
for some constants m > 1 and C > 0. 

Lemma 5.1. For p > 2, let a(r) e C 2 (0, oo) be a positive solution to (1.4) 
with lim r _+ + «( r ) — 0. Suppose that f and g satisfy the conditions (A) and (B), 
respectively. For m > 1. let c < a/ (m — 1) be a positive constant. Then there 
exists a positive constant r Q such that either a(r) > e cr or a(r) < e cr for all 
r > r Q . 

Proof. If a is bounded, then we have ct(r) < e cr for r large enough. Therefore 
we may assume that lim^oo a(r) = oo. Hence there exists a constant r' > 1 such 
that a(r) > 1 for all r > r' . For m > 1, suppose that we cannot find such a r Q 
as in the statement of the theorem, then for any r Q > r', there exist two points 
r 2 > r i > r o such that a{ri) = e cri , a(r 2 ) = e cr ' 2 and a(r') < e cr ' for r' E [ri,r 2 ]. 
There is a point r e [ri,r 2 ] such that a(r) < e cr , a'(r) = ce cr and a"(r) > c 2 e cr . 
If c < a/(m— 1), we have 

9 , 2g(a(r))g>(a(r))a>(r) _ f'(r) { g\a{r)) 2 

{ } P{r) f(r) [ P{r) + { ° ™ J 

2C' 2 C 2 ce 2mcr c 2 e 2cr 
< < — c 

e 2ar C 2 
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if r Q is large enough. Here d is a positive constant. By (2.3) and (5.2) we have 



(5.3) &(r)[(p - l)(a'(r) f + (n - 1)^^] < -C(p - 2)(n - l)6(r) . 
And 

(5.4) Q'(r)[( P -l)(a'(r)f + (n-l) , 

JT) 

= (| - l)f*- 2 (r)[(p - l)K(r)) 2 + (n - l)^ 11 ] 

> (| - l)e(r)[(n - + 2a'(r)«"(r)] , 

as 0( r ) = ( n - l)^) 11 + (a'(r)) 2 and 0(r) = ^(r). By (5.3), there is a 
constant c" > such that at r we have 

(5.5) (n-l)(^M^)' + 2a'(r)« / V)<-c''. 
On the other hand 

^ ,<7» Y 2/(rM a )[/(rMa) a '(r)-/'(r)g( ft )] 

V'{r)g\a) 



2 , ^? 2 («W), 



> 



/3(r) 



2mcr 

> _2C /2 C 2 - 



g2ar 



> -ee 2cr 



as c < a/(m — 1). Here e is a positive constant. And by choosing r Q large, we may 
assume that e < 2c 3 /(n — 1). There if r Q is large and c < a/(m — 1), then (5.5) 
and (5.6) imply that 

2a'(r)a"(r) < (n - l)ec 2cr . 



That is 



a"{r)< (n 1)€ c cr <c 2 e cr . 
w _ 2c 



which is a contradiction. Hence there exists a positive constant r G > r' such that 
either a(r) > e cr or a(r) < e cr for all r > r . Q.E.D. 

Lemma 5.7. For p > 2, let a(r) e C 2 (0, oo) fre a positive solution to (1.4) 
with lim r ^ + a(r) = 0. Suppose that f and g satisfy the conditions (A) and (B) 
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with m > 1, respectively. Let c < a/(m — 1) be a positive constant. Suppose that 
there exists a r Q > such that a(r) < e cr for all r > r Q , then a(r) < C for some 
positive constant C . 

Proof. Assume that a(r) < e cr for all r > r Q , where c < a/{m — 1). We may 
assume that a ^ 0. We can find positive constants r' and 5 such that ct(r) > 5 
for all r > r'. There is a positive constant C" such that 



//„,m-l 



g(y)<C"y m , 0<g'(y)<C"y 

for all y > 5. We may take r > r' > 1. Then for r > r and 1 > r > 0, we have 

2g(g(r))g'(tt(r))a / (r) _ /'(r) g\a{r)) 2 
/ 2 (r) /(r) [ / 2 (r) ^ J 

2( ? (a(r)M«(r)) r r(r)(a'(r)) 2 li /'(rV(a(r)) f'(r) . 



/f(r)/T(r) 1 /(r) J / 3 (r) /(r) 



(o^r))' 



1 gV(r))g«(g(r)) r /(^ a V r ^ gWli glW)) 2 

- 1-r P(r)f'(r) + U J /W 1 1 JJ / 3 (r) /(r) l " 1 JJ 

" 2( " (r)) [</>«) - (1 - rf f\rf] - r f^f^ + ^\r)f] 



(l-r)P(r)f'(r) 1 " v v 7/ v 7 J w J L /3( r ) /(r 

y 2 (g(r)) 2 2c(m _ lV _ (1-r) 2 2 _ /'(rV(g(r)) f(r) 2 

" (1 - r)/3(r)/'(r) L ° C 2 J T[ /3( r ) + /(r) l ° J ' 

where we have used the inequality 2AB < (1 — r)A 2 + 1/(1 — t)Z? 2 for < r < 1. 
Hence there exists a constant r" > r Q such that for r > r" we have 

p//2 2c(m-l)r 

(1-r) 2 

o e 2 e ^ u . 

For r > r" we have 

2g{a{r))g\a{r))a'{r) _ f{r) g\a{r)) 
{ j / 2 (r) /(r) [ / 2 (r) + ^ ™ J 



f(r) r £ 2 (a( 



Together with (2.3) we have 

(5.10) e'(r)[(p - l)(«'(r)) 2 + (n - l/ (a) 



/2(r) - 



< -^b-2)(n-l)[^^ + (a'(r)) 2 ]©(r). 
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Thus we have 

(5.11) 9'(r) < -c'O(r) for all r > r" , 

where c' = (p — 2)(n— 1)t/(5C 2 ) and 6 = max {p — 2,n — 1} are positive constants. 
Integrating both sides of the above inequality we have 

0(r) < e- c '^e(r") , r>r". 

So we have 

c'(t-r") 

ct(r) < C±e f or a n r > r" , 

where Ci = (6(r"))~ is a positive constant. As a'(r) > 0, upon integration we 
conclude that a is bounded. Q.E.D. 

Combining the above two lemmas we have the following. 

Theorem 5.12. For p > 2, let a(r) G C 2 (0, oo) be a positive solution to (1.4) 
with lim r ^ + a(r) = 0. Suppose that f and g satisfy the conditions (A) and (B) 
with m > 1, respectively. Let c < a/(m — 1) be a positive constant. Then either 
there exists a positive constant r Q such that a(r) > e cr for all r > r D or there is a 
finite positive number C such that a(r) < C for all r > 0. 

In the following we assume that 

(C) g'(y)<C 2 g(y) for all y>l, 

where C 2 is a positive constant. Condition (C) implies that g grows at most 
exponentially. Condition (B) is stronger than condition (C). The following could 
be considered as a generalization of lemma 5.7. 

Lemma 5.13. For p > 2, let a(r) G C 2 (0, oo) be a positive solution to (1.4) 
with lim r ^ + a(r) = 0. Suppose that f and g satisfy the conditions (A) and (C), 
respectively, and g'{y) > for all y > 0. There is a positive constant c > such 
that if there exists a positive constant r such that a(r) < g~ 1 {cf(r)) for allr > r Q , 
then a is a bounded function on M + . 

Proof. We can find positive constants r' and 5 such that a(r) > 5 for all r > r' . 
There is a positive constant C3 such that 

9\y) <C 3 g(y) for all y > 5 . 
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For < r < 1 and r > r', from (5.8) we have 

2g(a(r))g'(a(r))a'(r) f\r) g\a(r)) 
P(r) f(r) [ P(r) 



+ («'(r)) 2 ] 



< [a>(r)) - (1 - r) 2 /'(r) 2 ] - r[ /WK^ + ^(a'(r)) 2 l 

g 2 (a(r)) 2 , (1 - r) 2 , , ^ 2] 

If we choose a positive constant c such that c < (1 — r)/(CC 3 ) , and if a(r) < 
<7 _1 (c/(r)), then we have 

2g(g(r)Ma(r))a'(r) f(r) g>(r)) 2 f(r)^ 2 (q(r)) ffl , , M v 2l 

/2(r) /(r) l /2(r) +i« j _ n /3(r) + /(r) i«^n- 

We can process as in the proof of lemma 5.7. Q.E.D. 

The above lemma provides asymptotic information about a(r). We 
can also obtain medium range information about a(r). 

Lemma 5.14 For p > 2, let a(r) G C 2 (0, oo) be a positive solution to (1-4) 
with lim r _> + «( r ) = 0. Suppose that f and g satisfy the conditions (A) and (C), 
respectively, and g'(y) > for ally > 0. Assume that a is not a bounded function 
on R + and let a(f) = 1 for some f > 0. Then there exists a positive constant 5 
such that the energy density 6{r) > 5 for all r >f. 

Proof. From (2.3) we have 

(5.15) 9'(r)[(p - l)(«'(r)) 2 + (n - 1)^^] 

- U _ 2)e(r) ^(n-l)g(a(r))g'(a(r))a'(r) _ 1 f(r) g\a{r)) 

At a point r > f, we have a(r) > 1. So at the point r > f, we have either 

m 2(n-l)g(a(r))g'(a(r))a'(r) 1 f(r) g\a{r)) 2 

[ ) P{r) ~ 2 f(r) [ P{r) + ^ [r)) J ' 

or 

(ii) e'(r)[(p-l)( a '(r)) 2 + ( n -l)^p] 

< -( p -2)( n -|)e( r) ^[« + (a' W n. 
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In case of (i), from condition (A) and (C) we have 

2C 2 (n - l)a (r) > — h , , > 



g\a(r)) 2/(r) " 2C 2 ' 

By choosing a bigger constant if necessary, we may assume that (A) holds for 
r > f. Thus if (i) holds at r > f, we have 

(5.16) a'(r) > 



4(n - 1)C 2 C 2 ' 
Take 

< 5 ' 17 > f = ( 8 ( n -i)c a c )a - 

Suppose that there is a point r" > r Q such that 0(r") < 5. Let 

O = {t G [r", oo) | 0(r) < 5 for all r e [r",*]} . 
Therefore r'eO and 

a'(r') < 



8(n - 1)C 2 C 2 ' 
We can find t such that t > r' and 

1 

a' r < 



4(n - ^C'C 2 

for all r G [r",t] . Hence we have (ii) for all r G [r",t] . Thus 6'(r) < and hence 
6'(r) < for all r G [r",t] . We have 9(r) < 5 for all r G [r",t] . Suppose that sup 
O = a < oo. Then at the point a we have 0(a) < 5. The same argument shows 
that there exists a positive number e such that 6'(r) < for all r E (a,a + e). 
Then a + e G O, which is a contradiction. Therefore we have sup O = oo, or 

(5.18) 9(r) < 5 for all r G [r', oo) . 

In particular, 

a\r) < 



4(n - 1)C"C 2 
for all r G [r', oo). By (ii) we have 

e-M l(p - i)( a >(r } y- + (n - < >- 2 »"-S> e[M + . 

A similar argument as in the proof of lemma 5.7 shows that there is a positive 
constant c > such that a(r) < c for all r G (0, oo). This contradicts the 
assumption that a is not bounded. Therefore 9{r) > S for all r >r. Q.E.D. 
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Theorem 5.19 For p > 2, let a(r) G C 2 (0, oo) be a positive solution to (1-4) 
with lim r _, + a(r) = 0. Suppose that f and g satisfy the conditions (A) and (C), 
respectively, and g'(y) > for ally > 0. Then either there exist positive constants 
r D and c Q such that either a(r) > c c (r — r Q ) for all r > r Q , or a is a bounded 
function on R + . 

Proof. If a is not bounded, then there is a positive constant f such that 
a(f) = 1. By lemma 5.14, we have 0{r) > 5 for all r > f. With the conditions 
(A) and (C), we can find positive constants d and r' Q such that 

9~\ , / J (r)) > c'r 
p{n - 1) 



for all r > r' Q . We can choose c G < min{c', and r > max{f ,r' a }. If there 

is a point r' > r Q such that a(r') < c (r' — r Q ). Then we can find a point r > r 
such that a(r) < c Q r and a'(r) < c Q . Thus 




And 

1 ' / 2 (r) " ( ' / 2 (r) " ( ™ lf /=(r) " 2 ' 

as g' > implies that g is non-decreasing. Therefore 9 < 5, contradiction. 
Q.E.D. 



6. Metrics with polynomial growth 

For p > 2, let F(r,(p) = (a(r),ip) be a rotationally symmetric p-harmonic map 
from M n (f) to itself. The results in this section can be founded in [8]. 

Lemma 6.1. For f(r) = r m with m > 1, if there exists a point r Q > such that 
a(r ) < cr and a'(r ) < c for some c G (0, 1], then a(r) < cr for all r > r Q . 

Proof. Assume that there is a point r' > r Q such that a(r') = cr'. As a'(r ) < c, 
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there exists a point r G (r , ri] such that a(r) = c'r for some constant d G (0, c) 
and o/(r) = c and o/'(r) > 0. At r, we have 

, fi 9 ^ 2g(g(r)Mg(r))g'(r) _ /' (r) g 2 (g(r)) 2 

( j / 2 (r) /(r) [ / 2 (r) + ( ° ™ J 

2m« 2m_1 c m.a 2m 9 . 
= o H^ + c 

= -(2CC' 2 ™- 1 - c' 2m - c 2 ) 
r 

It can be shown that if m > 1, then 2cc /2m ~ 1 — c /2m — c 2 < for c' G (0, c). In 
fact, if we let 

(f)(x) = 2cx 2m ~ 1 - x 2m - c 2 , 

then 0(c) = c 2m - c 2 < as c < 1, m > 1, and > for a; e (0, c). Hence 

0'(r) < 0. Therefore 

> 6\r) = ( 9 ^)' + 2a'(r)a"(r) . 

And 

( 6 .3) (^j)' = ^.^m a 2m-l c _ ^m^m-^ = ^Urn-l Q _ ^ > g 

as < d < c. Hence we have ct"(r) > 0, contradiction. Q.E.D. 

Theorem 6.4. Let f(r) = g(r) = r m for some m > 1. Let a G C 1 [0, oo) H 
C 2 (0, oo) &e a solution to the rotationally symmetric p-harmonic equation with 
a(0) = 0. If a'(0) = c for some c G (0, 1], then a(r) < cr for all r > 0. 

Proof. For a'(0) = c < 1, assume that there is a point r' > such that 
a(r') > cr'. Then we can find d > c such that a(r') > c'r'. Since c/(0) = c < d . 
we can find a point r Q < r' close to zero such that a(r ) < c'r Q and a'(r Q ) < d . 
Lemma 6.1 implies that a{r) < c'r for all r > r Q , contradiction. So we have 
a(r) < cr for all r > 0. In case c = 1, g(r) = r is the unique solution to the 
equation with g'(0) = 1 [2]. Q.E.D. 

For m — 1, that is, the Euclidean space, and for any positive number c, the 
function a c = cr is a rotationally symmetric p-harmonic map into the Euclidean 
space for all p > 0. 

Theorem 6.5. Let f (r) = r m with m > 1 . Forp>2,letF(r,Lp) = (a(r),Lp)bea 
rotationally symmetric p-harmonic map from M n (f) to itself, where a G C 2 (0, oo) 
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and lim r _ >0 + «(r) = a(0) = 0. Then for any c > 0, we can find a positive number 
r c such that either a(r) > cr or a(r) < cr for all r > r c . 

Proof. Let c G (0, 1] and suppose that there exist two points r 2 > r\ > such 
that a{r\) = cr\, o(r 2 ) = cr 2 and o(r) < cr for all r G [ri,r 2 ] but a(r) ^ cr on 
[r 1; r 2 ]. Then there exist a point r D G (ri,r 2 ) such that a(r Q ) < cr ,a'(r ) < c. 
Lemma 6.1 implies a(r) < cr for all r > r Q , which is a contradiction. Hence we 
can find a positive number r c such that either a(r) > cr or a(r) < cr for all 
r > r c . Let c > 1 and suppose that there exist two points r 2 > r\ > such that 
o;(ri) = cri, o;(r 2 ) = cr 2 and a(r) > cr for all r G [ri,r 2 ] but o;(r) ^ cr on [ri,r 2 ]. 
Let 

c c = inf {7 > c I 7r > a(r) for all r G [ri,r 2 ]} . 
Thus c Q r > a(r) for all r G [ri,r 2 ]. Let 

c = max {c , -c } . 

2m — 1 

As m > 1 and c Q > c, we have c' < c Q . Hence there exist x\,x' 2 such that 
Xi < x[ < x' 2 < x 2 and a{r\) = cVi, a(r 2 ) = c'r 2 and a(r) > c'r for all r G [r 1; r 2 ]. 
Then there exists a point r Q G [ri,r 2 ] such that a(r Q ) > c'r ,a'(r ) = c' and 
«"( r o) < 0. Let a(r ) = c"r Q for some c" > c'. As in (6.2) we have 

2g(a(r ))g'(a(r ))a'(r ) f'(r ) ^ g 2 (a(r )) + 



/ 2 (r c ) /(r ) L / 2 ((r c )) 

-f2c'c" 2 " 

t 



= m^c'c" 2 " 1 - 1 -c" 2m -c' 2 ). 



The function <f>(x) = 2c'x 2m ~ 1 -x 2m -c' 2 has <j>{d) = c' 2m -c' 2 > 0, since d > c> 1 
and m > 1. While 

,,. , ^ 9rT1 9 .2m-l . , 2mx 2m ~ 2 , 2m - 1 . 

0' (x) = 2rra 2m " 2 c' - x) = cr Q - xr ) . 

m r Q m 

As c' > m/(2m — l)c , therefore 

c'r > c Q r > a(r) for all r G [r^r,] . 

m 

In particular 

2m — 1 

c'r > a(r G ) = c"r Q > xr Q for all x G [c', c"] . 

m 

Thus > for all x G [c',c"]. Hence 0(c") > 0. Therefore 

(f *K\ 2g(a(r ))g'(a(r ))a'(r ) f (r Q ) l g 2 (a(r )) 2 

( j / 2 (r ) [ / 2 ((r )) +^^J> U ' 
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As in (6.3) 

(6.7) (^rf )' = ^o m « 2m -Vo)c' - a^(r )r^) < , 

as a(r ) > c'r Q . Hence a"(r ) > 0. This is a contradiction. So we can find 
a positive number r c such that either a(r) > cr or a(r) < cr for all r > r c . 
Q.E.D. 

ACKNOWLEDGEMENT. We would like to thank Professor J.B. McLeod for 
valuable discussions. 



39 



References 



[I] Cheung, L.-F., & Law, C.-K., An intial value approach to rotationally sym- 
metric harmonic maps, Preprint, 1995. 

[2] Cheung, L.-F., Law, C.-K. & Leung, M.-C, Entire solutions of quasilinear 
differential equations cooresponding to p-harmonic maps, Preprint, 1995. 

[3] Coddington, E.A. & Levinson, N., "Theory of Ordinary Differential Equa- 
tions", (1955) McGraw-Hill. 

[4] Eells, J. & Lemaire, L., Another report of harmonic maps, Bulletin of the 
London Math. Soc. 20 (1988), 385-524. 

[5] Greene, R. & Wu, H., Function Theory on Manifolds Which Possess a Pole, 
Lectures Notes in Math. vol. 699, Springer- Verlag, New York, 1979. 

[6] Heinonen, J., Kilpelainen, T. & Martio, O., Nonlinear Potential Theory of De- 
generate Elliptic Equations, Oxford Mathematical Monographs, Oxford Uni- 
versity Press, Oxford, 1994. 

[7] Leung, M.-C, On the infinitesmal rigidity of harmonic maps, Preprint, 1995. 

[8] Leung, M.-C, Asymptotic behavior of rotationally symmetric p-harmonic 
maps, to appear. 

[9] Leung, M.-C, Positive solutions of second order quasilinear equations corre- 
sponding to p-harmonic maps, Preprint, 1996. 

[10] Nakauchi, N. & Takakuwa, S., A Remark on p-harmonic maps, Nonlinear 
Analysis, Theory, Method & Applications 25 (1995), 169-185. 

[II] Ratto, A. & Rigoli, M., On the asymptotic behaviour of rotationally symmet- 
ric harmonic maps, Journal of Diff. Eqn. 101 (1993) 15-27. 

[12] Takakuwa, S., Stability and Liouville theorems of p-harmonic maps, Japan J. 
Math., 17 (1991), 317-332. 

[13] Uhlenbeck, K., Regularity for a class of nonlinear elliptic systems, Acta Math. 
138 (1970) 219-240. 

[14] White, B., Homotopy classes in Sobolev spaces and the existence of energy 
minimizing maps, Acta Math. 160 (1988), 1-17. 



40 



[15] Xu, X.-W. & Yang, P., A construction of m-harmonic maps of spheres, In- 
ternational J. of Math. 4 (1993), 521-533. 

[16] Yau, S.-T., Harmonic functions on complete Riemannian manifolds, Comm. 
Pure Appl. Math. 28 (1975), 201-228. 



41 



